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_1 - -2
f(52) = y,+ pAY, + L@E—lﬁyo + 22 3)!(" ) A%y + ...
= £(52) = 7071 + (1.4) (589) + 51;422@9(- 57)+ M‘?—(ﬂl(—n

= f(52) = 7071 + 824.6 — 16 + 0.4 = 7880 Thus, sin 52°=7880.
Example 2. Given
x 1 2 3 4 5 6
f(x) 1 8 27 64 125 216

Estimate f (2.5).
Solution : We shall take, x, =1, h=1, Yo = 1
Here x = 2.5 and also

X=X 25-1 -

x=x0+ph = p=—5 = 1 1.5
Now the forward difference table is
x| fex) A a2 Al At
1

7

2 8 12
19 6

3 27 18 0
37 6

4 64 24 0
61 6

5 125 30
91

6 216

By Newton — Gregory forward interpolation formula, we have
-1 -Hp-2
f@25) =y,+ pAy, + ﬂ%)- Azyo +LE 2 3)!@ ) A3y0 + ...

= f25) = 1+ (15 (D + Q-_%(@(lz) . £1.52§0.2) (05) o

= f(@25) =1+ 105 + 45 - 0.375 = 15.625.
Example 3. Ordinates f (x ) of a normal curves in terms of standard deviation x are given
as
x 1.00 1.02 1.04 1.06 1.08
f(x) 0.2420 0.2371 0.2323 0.2275 0.2227

Find the ordinate for standard deviation x = 1.025by using Newton - Gregory forward
interpolation formula.
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Solution : Now the difference table is

x f(x) A A A} At
1.00 2420
-49
1.02 2371 1
—-48 -1
1.04 2323 0 1
-48 0
1.06 2275 0
-48
1.08 2227
Here, " x,=1, h =002 and y, = 2420
Now, x=1025; x=x +ph = p=xhx°=1'og%2_1=1.25
By Newton — Gregory forward interpolation formula, we have
100£(1025) = y,+ pay,+ BBy 2C=DO=D g,
= 2420 + (1.25) (- 49) + @%(wl(l)
+ (1.25) (0.265) (=0.75) 1) + (1.25) (0.25) (2—4 0.75) (- 1.75) )
= 2420 - 61.25 + 0.15625 + 0.0390625 + 0.0170898
= 2358.9625 £(1.025 = 0.23589.
Example 4. From the table find the value of %
x 0.1 0.2 0.3 0.4 0.5
y 1.10517 1.22140 1.34986 1.49182 1.64872
Solution : Now the difference table is
x 10% A a? A’ At
0.1 110517
11623
0.2 122140 1223
12846 127
03 134986 1350 17
14196 144
0.4 149182 1494
15690
0.5 164872

Here X, =01, h =01 and y, = 110517
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Now, x=0.24 and
X - X
_ _ o _ 024 - 01 _
x=xy+ph = p= = o1 =14

By Newton — Gregory forward interpolation formula, we have
10°.£(0.24) = 110517 + (1.4) (11623) + Ll_-‘_i)i(%l (1223)
+ 14) 50.:! (=0.6) 127)
, (1904 (2— 06) (= 16) 1,

4
= 11057 + 162725 + 342.44 - 7.112 + 0.3808
= 127125.21. - f(0.24) = 1.27125.

Example 5. Find the number of students from the following data who secured marks not
more than 45.

" Marks 3040 40-50 50-60 60-70 70-80
No. of
Students 35 48 70 40 22
Solution : First we shall prepare the cumulative frequency table.
Marks < (x) 40 50 60 70 80

No. of Sts. (v) 35 83 153 193 215

Now the difference table is

x y | Ay, | &%y, | Ay, | A%y,

40 35
48

50 83 22
70 -52

60 153 -30 64
40 12

70 193 -18

, 2

80 215

Now, xo=40,x=45,h=10

x=xy+ph = p= T 10 =05
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By Newton — Gregory forward interpolation formula, we have
. ~ 1 -1 -2
y6=y‘o+PAy‘o+u%_).Azyw+w 6)0’ )A3y40

Yy = 35 + (05 4s) + £ (2- 05) ) + OB OéS) C18) g

+ (0.5) (- 0.5) 2(; 1.5)(-25) 64)

=35+ 24 - 275 - 325 - 25 =59 - 85 = 50.5 =~ 51 students.
Example 6. Find the cubic polynomial which takes the following values.

x 0 1 2 3
fx) 1 2 1 10

Now the difference table for x and f(x)is

f@x) M) | A¥kx) | A¥f@)
1

1 2 ~2
-1 12
2 1 10
9 -
3 10

We shall take, x, = 0 and p=x;0 =x [sinceh=1]

By using Newton - Gregory forward interpolation formula, we have

f@)=f@+ paro+ EE=D a0y 2= 22=3 x¥()

= f(x)=1+x(1)+ﬂ"2‘—11(—2)+"(’"lg("‘z)(lz)

= fE)=1+x-2+x+28 - 62 + dx
> f@)=20-T+6x+1
Example 7. Estimate f(4.2) from the table :

x 0 2 4 6
f(x) 2 10 66 218

Solution :The difference table is
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2
8
2 10 1
56
4 66 96
152
6 218

Now 4.2 is near the end of the table. Therefore we shall use Newton - Gregory backward

interpolation formula.

Let us take, xﬂ=6,x=4.2 and h =2

xX-x -
Now, P="7% "=4'22 6=--().9
Newton - Gregory backward interpolation formula is -
p(p+1) + D@+ 2
y4‘2=yn+pvyn+ 51 vzyn+P(P sll(g )V3 "+

(=0.9)(0.1) (-=0.9)(0.1) (1.1
vy, » ERA D

Y=Y+ 0D Vy, +
Y,, = 218 + (- 0.9) (152) - (0.045) (96) — (0.0165) (48)
Y, = 218 - 136.8 - 432 - 0.792 = 76.088.

Example 8. The population of a town is as follows :

Year | 1921 | 1931 | 1941 | 1951 | 1961 1971

Pop, in 20 2 29 36 46 51

Estimate the increase in population during the period 1955 to 1961.
Solution : The difference table is "

x y A A2 AS A‘ AS
1921 20
4
1931 24 1
5 1
1941 29 2 0
7 1 -9
1951 36 3 -9
10 -8
1961 46 -5
5
1971 51
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Here x,=1971, x = 1955 and h = 10

X-x 1955 - 1971
-_— n o ————
p= 5 = p= 0 1.6

Now, by Newton — Gregory backward interpolation formula
' p(p+1) + D@+ 2
L=y, ey + BBy EEE LB A, |

_ (-16) (1.6 + 1) .y
Yisss = Yion + (- 1.6) Vy,gp, + D) VY1om

Vi = 51+ (-16) (5 + CRAL08 (5  CLOCOH QD g

+ (=1.6)(-0.6) (04) 1.4) “9) + (=1.6)(-0.6) (04) (14) 29

24 120 =
Yigss =51 — 8 - 24 - 0.512 - 0.202 + 0.097 = 39.983.
- increases in population during the period 1955 to 1961
= 46 — 39.983 = 6.017 lakhs.
Example 9. From the following table find the value of tan 17°.
0° 0 4 8 12 16 20 24
tan® [0 0.0699 10.1405 [0.2126 |0.2867 |0.3640 [0.4452
Solution : The difference table is
10%(x) A A? A’ At
0
699
4 699 7
706 . 8
8 1405 15 -3
721 5
12 2126 20 7
741 12
16 2867 32 -5
773 7
20 3640 39
812
24 4452

Here, xn=24,x=17andh=4
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x-x 17-24 7
p = h n = 1 = - Z = - 1_75
Now by Newton — Gregory backward interpolation formula, we have

10y, = 452 + (- 1.75) 812 + i‘—@f—oﬁ(sm » 1) (‘2'75) ©.25)

| NSrole 0.725:1) 025)(1.25) g
- 4452 - 1421 + 2559 + 0.3828 — 0.0854 = 3056.887

Thus, tan 17° = 0.3056.

EXERCISES
1. Given
x 0.1 0.2 03 04 05 0.6
fx) . 2.68 3.04 3.38 3.68 3.96 421
Find f.(0.25).
2. Calculate f(8.2) from the table.
x 8.0 85 9.0 9.5 10.0
fx) | 50 57 64 17 78
3. Given
x 1 2 3 |- 4 5 6 7 8
f&x) | 1 8 27 64 125 216 343 512
Estimate f (3.5) and f (7.5).

4. For the frequency distribution
Marks obtained 0-19 20-39 40-59 60-79 | 80-99
No. of candidates 41 62 65 50 17

Estimate the number of candidates who obtain less than 70 marks.

5. The following table gives the sales of a concern for the last five years. Estimate the sales
for the year 1951.

years 1946 | 1948 | 1950 | 1952 | 1954
(in thsg}f;n ds) 40 43 48 52 57

6. Find f (142) from the following table.

x 140 | 150 | 160 | 170 180
fex) | 3685 | 4854 | 6302 | 8.076 | 10.225

7. Estimate the value of tan (0.12) from the table given below.
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10.

11,

12,

13.

14.

15.
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x 0.10 0.15 0.20 0.25 0.30
f(x) 0.1003 0.1511 0.2027 0.2553 0.3093
Given
x 0.5 1.0 1.5 2.0

u 1 7.0 25 61
Find U atx=045atx=0.7and atx=2.1.
Find log, 656 from the table.

x 654 658 659 661

log,x | 28156 | 28182 | 28189 | 2.8202

From the following table, estimate the number of students who obtain marks between
40 and 45.

Marks 30-40 40-50 50-60 60-70 70-80
No. of students 31 42 51 35 31

From the following table, estimate the number of persons earning wages between 60
and 70 rupees.

Wages (in Rs) No. of persons (in thousands)
Below 40 250
40-60 - 120
60 - 80 100
80 - 100 70
100 -120 50
Find the interpolating polynomial f (x ) which takes the values.
x 0 1 2 3 4
f(x) 3 6 11 18 27

The first five terms of the sequences are 0, O, 6, 12, 20. Find the sixth term and the pth
term,p>7. , :

The specific gravity of zinc sulphate solution of various concentrations at 15°C is given
in the table. Obtain the specific gravity of 15.8% at 15°C. -

conc. 10 12 14 16 18 20 22
sp.gr 1.059 1.073 | 1.085 | 1.097 1.110 1.124 | 1.137

The table gives the distances in nautical miles of the visible horizon for the given heights
in feet above the earth surface.

x=ht 100 150 200 250 300 350 400
y =dis. 1063 | 13.03 | 15.04 | 16.81 1842 | 1990 | 21.27

Find the values of y when x = 218 ft and 410 ft.
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16.

17.

18.

19.

20.

21.

From the following table, find f (0.63).

x 0.30 0.40 0.50 0.60 0.70
fx) 0.6179 0.6554 0.6915 0.7257 | 0.7580

Apply Newton's backward difference formula to the data below to obtaina polynomial
of degree 4 in x.

x 1 2 3 4 5
fx) 1 -1 1 -1

Apply Newton’s backward difference formula to the data below to obtain-a polynomial
of degree 2 in x and hence find f (2.5).

x 0 1 2 3
fx) 1 3 7 13

The population of a country in decimal census were as follows.

year 1891 1901 1911 1921 1931
Pop. 46 66 81 93 101

The areas y of circles of different diameters x are given below.

x 80 85 90 95 100
y 5026 | 5674 | 6362-| 7088 | 7854
Calculate the area when x = 98.

From the following table of sines compute sin38°.

6 0 10 20 30 40 -
sin @ 0 0.17365 0.34202 0.5 0.64279

The deflection y measured at various distances x from one end of a cantilever is given
by

x 0.00 0.2 04 0.6 08 1.0
y 0.0000 0.0347 0.1173 02160 | 02987 | 0.3333

From the following table find y when x = 1.85 and 2.4.

1.7 1.8 1.9 2.0 2.1 22 23
5474 | 6050 | 6.686 | 7.389 8.166 9.025 | 9.974
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24. Comput e"* given

x 0 0.1 0.2 03 04
& 1.0000 1.1052 1.2214 13499 -] 1.4918
25. Find f (84) from the table.
x 0 | 50 60 70 80 9
fx) 184 204 226 250 276 304
, ANSWERS
1. 32 2. 538 3. 4287 4. 199 5. 5021 thousands
3.899 7. 01205 8. 09; 2.34; 709 9. 28169
10. 17 11. Sithousands . 12. % + 2x + 3 13. 30,p@ - 1)
14. 1.0958 15. 15.7; 21.53 nauticalmiles 16. 0.7356

17. y=§x4_&e+%f_sex+sl 18. £ +x+1; f25) = 9.75

19. 97 thousands 20. 7542.5056 21. 0.61566 22. 0.3306
23. 6.36; 11.02 24. 14191 25. 287.

1.18 Interpolation with Unequal Intervals

In the previous section we have seen the interpolation formulae which are applicable
only to equally spaced values of the argument. In this section we shall see two interpolation
formulae for unequally spaced values of x.

1.Lagrange’s formula for unequal intervals
Let y = f(x) be a function whose values are Y9+ Yy Yps s ¥, corresponding to
X =Xy, X;, X,, ., X, NOt necessarily equally spaced.

Since there are (n + 1) pairs (x,, ¥,), (*;, ¥,), - , (x,, y,)of values of x and y, we
can represent f (x ) by a polynomial in x of degree n.
Let this polynomial be 3
f) =4, - x)(x - x)) e (x-x,).
' +Al(x—xo)(x—x2) e (X = X,)
+A@E-x)0-x )@ - x) x-x) +...
+An(x—xo)(x—xl) ....... (x—x"_l)
where A, A, A,, ..., A areconstants to be determined.
Putting x = x,, y = y,weget
f(x0)=A0(x0—x1)(xo—x2) ...... (xy - x,)

0_.on—xl)(Jéczo—-ch) ...... (x, - x)
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Putting x = x,, y = ¥, weget

A

1=(xl—xo)(xl-xz) ...... (xl-x)
Similarly,

A

"=(xn—xo)(x"—xz) ...... (xn—xn_l)
Substituting these values of A1 , A2 ) eenees , A'l ,we get.

(x-x)x-x)... x-x)
(xo—xl)(xo—xz) ...... (x, - x,)

f&x) =

(x—xo)(x-xz) ...... (x-x
T S 1) (g = %) e (X, - xﬂ)f(x,)

(x—xo)(x—xl) ...... (x -
(xn—xo)(xn—xl) ...... x -x _
This formula is known as Lagrange’s interpolation formula for unequal intervals.

Example 1. The following table gives the normal weights of babies during the first few
months of life

Age in months 2 5 8 10 12
Weight in KE 44 6.2 6.7 7.5 8.7

Estimate by lagrange’s method, the normal weight of a baby of 7 months old.
Solution : Let x = age of a baby (in months)

‘f(x) = weight (in Kgs)

Thenthe data is
x 2 5 8 10 12
f(x) 4.4 6.2 6.7 75 8.7
By lagrange’s formula, we have

(x-5x-8x-10)x - 12
2-52-8(@2-10(@2 - 12)
(x - 2)(x - 8)(x — 10) (x — 12)
G5G-26-8G6-1006 - 12)
“(x -2 (x - 5)(x —10)(x — 12)
*8-2B-56G-106 12 &7
(x-2)(x-5(x-8(x-12)
(10 - 2) (10 - 5) (10 — 8) (10 - 12)
x-2x -5 -8 (- 10) 8
(12 - 2)(12 - 5)(12 - 8)(12 - 10) ®.7)

f&x) = 44)

+ 6.2)

+

(7.5)

+
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e

__2c1E3E) 6) D 3)5)
fD=Tahcocncn 4 aecacscr 62

5 2)(-3)(-5 5@ D5
OOCDCH N HHoED 0
(OIGIGE R

Sooee
f(7) = -0.09+148 +698-234+047=65Kg.
Example 2. Apply Lagrange’s formula to find f{5) and f(6) given that A1) = 2, A2) = 4,
f3) =8, f7) =128 and explain why the results differe from those obtained by f(x) = 2*.
Solution:Herex0 =1, x, = 2, x, = 2, x, = 7

+

and f@) =2, f() = 4, f(x,) = 8, f(x,) = 128
By lagrange’s formula, we have

_x-2Qx-3Hx -7 x-1Nx-3)(x~-7)
&) =aa-sa-2 f®*ene-ne-n f®

L =D -2 - 17) x-1x-2(x=-3)
te-ne-26-n W reyr-nr-s f®

fx) = (x - 2)(x_—123)(x— 7) @) + x-D ; 3)(x - 7) @

F-Dx-2)(x-17) E-DEx-2)@x -3
+ = @) + 50 (128)

L 16 =QACD 5, AACD 4, AOLD g , DO (1

=2~128+24+256=388

» fo=BR0CL g, QALD o, AACD g, OAIE)

=2-12+20+64=74
But actual values of f(5) and f(6) are f{5) = 2° = 32 and f(6) = 2° = 64.

The difference in values of f(5) and f(6) are due to the assumption of f(x) as a
polynomial, when it is an exponential function of the form 2.

- Example 3. Using Lagrange’s formula, prove that

Yo=3 (¥ + 4. ~2cl(yy = 9) = (v, = y_)]
Solution : Letx=-3,-1,1, 3.

Yy=f&)=Y_,, Y1, ¥, ¥,
Then from lagrange’s formula, we have

__(x+Dx-Dx-3 (x=-3)x-1Dx -3
=3+ 3-1DC3-3 WD *Tir1-Dci-3 &
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(x+3)x + 1)@ -3) x+3)E+DE-1
*a+aa+na-3 WrErerne-n &)

9 9 3
Vo=~ o (V) + 12 (W) + 15 (9) 75 (W)

1 8§ +1 8§ +1 1
=—-]Z(y_3)+ 16 (y_1)+ 16 (yl)_Tg(y_s)

1 1
Yo=3 +¥.0) - 3gl(W -9 - (. -y )

Example 4. Use Legrange’s interpolation formula to fit a polynomial to the data given
below.

x o | 1 3 4
y -12 | o 6 12

Also find the value of y when x = 2.
Solution : For the given data, we have

x0=0, x1=l, x2=3, x3=4

Yo=-12, 9, =0, y,=6, y, =12
Thus the lagrange’s formula is

G- NE-E-8) L G-0E-jE-8
¥=0-no-a0-9 “Pratoa-aa-9 @

x-0x-Dx-4 -0 -D@x-23)
G-0B-1DB-9 @4-0¢-1)4-3

=x-Dx-PE-H-xx-D(x-4HY+x(x-DExx-3)
=@ - -7 +12 - 2% + 4x + ¥* - 3a]

=(x -1 -6x+12) =2 -7 + 18x - 12

whenx =2, y=y(2) =4

+ . (6) + . (12)

EXERCISES

1. Given the values

x 5 7 11 13 17
f(x) 150 392 1452 2366 5202

evaluate f(9) using Lagrange’s formula.
2. Certain corresponding values of x and log, x are given below.

x 300 304 305 307
log, x 24771 2.4829 2.4843 2.4871

Find log 10310 by Lagrange’s formula.
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3. Estimate the value of tan 32° from the data.

x 30° 35° 45° 50° 60°
tan x 0.5773 0.7002 1 1.1918 1.7320
Using Lagrange’s formula

4. Use Lagrange’s formula to find the value of f (x ) at x = 6 from the data.

x 3 7 9 10
fx) | 168 | 120 72 63

5.  Use Lagrange’s formula to find the form of f (x ), given

x 0 2 3 6
fx) 648 704 729 792

6. Given the following table of values

x 0.3 0.5 0.6 0.8
f(x) -~-091 -0.75 —-0.64 -0.36
Estimate the value of f(0.7) using Lagrange’s formula.
ANSWERS

1. 810 2. 24786 3. 0.6249 4. 147 5 648+30x - ¥ 6.-051.

1.19 Inverse Interpolation

So far we have been finding the values of y corresponding to a certain value of x, when
a set of values of x and y are given.

The process of estimating the value of x for a given value of y is called the inverse
interpolation.

We have Lagrange’s interpolation formula,
(x—-xl)(x—xz) ...... x-x)

=(xo—xl)(xo—xz) ...... (x -x) Yo
(x—xo)(x—xz) ...... (x-x)
(xl—xo)(xl—xz) ...... x, - x )y1

(x"—xo)(xn—xl) ...... (;vc"—x”_1

This formula is merely a relation between two variables x and y, either of which may
be taken as the independent variable. Thus by interchanging x and y in the above formula
we obtain,

~ (y—yl)(y—yz) ...... (y—y") X
_(yo-—yl)(yo—yz) ...... Wy -y,)°
.\ (y—yo)(l/—yz) ...... (t/—y")« .
(yl-—yo)(t/l—-yz) ...... ('/1—3/,1) 1
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(y—yo)(y—yl) ...... @/-y"_l) .
@n_yo)@/n—yl) """ (vn—yn—l) "

which gives the value of x corresponding to a given value of y. This formula is known as
Lagrange’s inverse interpolation formula.

Example 1. Given

3 4
12 19
find x corresponding toy = 7.
Solution: Here, x,=1, Yo =fQ) =4
x, =3 y, =f@ =12
x, =4, y, =f@ =19

We have to find x such thaty =f(x) = 7
By Lagrange’s inverse interpolation formula, we have

y= (7-12)(7-19) 1+ 7-47-19) 34 7-4)7-12)
T (4-12(4-19° (12- 49(12-19)° 19- 49 (19- 12)

4=

L 60 108 60
120 56 105
= x = 0.5 + 1.92875 —~ 0.57143 = 1.85714

Example 2. Find a root of the equation f(x ) = 0, given that f(30) = — 30,
f(34) = - 13, f(38) = 3, f(42) = 18, by Lagrange’s inverse interpolation formula.

Solution:  Here, x, =30, Y, =f(30) = - 30

X

L= 34, y, =fGH=-13
x, = 38, y, =f(38) =3
x, = 42, Y, =f(42) = 18
We have to find x such thaty =f(x) = 0
By Lagrange’s inverse interpolation formula, we have
= (0 +13)(0 -~ 3)(0 — 18) 30
T (=30 + 13)(-30 - 3)(-30- 18)°
(0 +30)©0-3)(©0-18) 34
(=30 + 30)(-30 - 3)(-13- 18)°
+ 0+ 300 +3)(0 —18) ¢
3+30)(3+13)3-18)°

(0 + 30)(0 + 13)(0 - 3)
(18 + 30) (18 + 13)(18 - 3)

= BEDHC18E)  BOEIHE 18) (34)
(-17) (- 33) (-48) (17) (-16) (- 31)

42
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+ GOAd (- 18)38) (B30)(13) (- 3) (42)
(33) (16) (- 15) (48) 31) (15)

= x = — 0.7820 + 6.5322 + 33.6818 — 2.2016 = 37.2304
This is an approximate root of the equation f(x) = 0.
EXERCISES
1. Find the value of x when f (x) = 15 by applying lagrange’s method, given
x 5 6 9 11
f(x) 12 13 14 16
2. Given
x 2 5 9 11
v 10 12 15 19

Find x when y = 16.
3.  Find the value of x when y = 16.

x 2 4 6 8 10
v 7 15 11 14 12

4. Find x corresponding to y = 0.163 from the data.

X 80 - 82 84 86 88
y 0.134 | 0.154 | 0.176 | 0.200 | 0.227

5. Solve the equation f (x ) = 0, given

x 0 0.1 0.2 0.3 04
fix) 1 0.80484 | 0.61873 | 0.44082 | 0.27032
ANSWERS
1. 115 2. 997143 3. 345 4. 8272 5. 0.5671.

1.20 Numerical Integration

Numerical integration is a process of evaluating a definite integral from a set of
tabulated values of the integrand f (x ). If the integrand is a function of a single-valued, then
the numerical integration is known as Quadrature.

First we shall obtain the general quadrature formula for equidistant ordinates and then
we shall deduce from this the other quadrature rules.

1. Newton — Cote’s Quadrature formula
Let I= f f(x) dx
a

where f(x) takes the values Yor Yir Yoo vt ¥, for x = Xy, Xy, P X, Divide the
interval (g, b) into n sub-intervals of width A, so that

x0=a,x1=x0+h,x2=xo+2h, ..... ,xn=x_0+nh=b
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X
(]

+nh
Now, I=] f(x)dx
xo

Letx=x0+rh = dx = hdr.Alsowhenx = x,, r = 0 and when R

ol
x=xo+nh, r=n

I= r f(x0 +rh) hdr
0
Now by Newton’s forward interpolation formula, we have
' r(r-1 r(r—1)r -2
I=hr0[yo+ rAy,+ 21 A2y0+ ! A’ ]dr

Integrating term by term, we get

r 17 Pl , 1(1 3 "
I= h[yor+ —Z'Ay0+ 20132 Ay, + 31 Z-r3+# Yot oo .

I= nh[y0+ 7 Gyp+ E[%—%}(A2yo)+ ﬁ(%-nz+n}/_\3y + o ]

This formula is known as Newton-Cote’s quadrature formula or a general Quadrature
formula.

Now we shall consider other Quadrature rules by takingn=1, 2,3, .....
1. Trapezoidal Rule '

By taking 7 = 1 in the general Quadrature formula and neglecting terms containin,
y g g eg g g
Azyo, A3y0 , - We get

x+h

1 1 h
]x flxy dx = h[y" * EAy0]= h[.‘lo +20 - yz)] = E[yo + yl]

L]

Similarly,

x“+2h 1 h

i f(x) dx = h[yl + EAyl] = '2'[!/1 + yz]
[}

xo+nh .
h
Jf@)ax==3[y,_,+3,]
xo+ n-1h

Adding these n integrals, we obtain,
x + nh
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h . . .
= E[(Sumofﬁrstand last ordinates) + 2 ( sum of the remaining)]

This formula is known as Trapezoidal Rule for numerical integration.
2. Simpson’s one-third rule

By taking n = 2 in the general Quadrature formula and neglecting terms containing
A3y0, A‘yo ; e We get

x +

2h
0 1
J' f(x)dx=2h[yo+Ayo+_6'A2yo]

X
0

But, Ayo=yl—_1/0,A2y0=Ayl—Ay0=y2—2yl+y0
x0+2h B
| ferar =3[+ 4y, +y, ]
0
Similarly,
xo+4h
h
[ f@) dx=3[n+4y,+y,]
xo+2h
xo+nh
h
J.f(x) dx:'j[yn-z+4yn—1+yn]
xo+(n—1)h
[Here n is even]
Adding these n integrals, we obtain, when n is even,
x +nh -
0

If(x)d =g[(yo+y")+4(y1+y3+ ..... +Y,_4)

x
0

[ 3

[ (Sum of first and last ordinates) + 4( sum of even ordinates)

+ 2 (sum of the remaining odd ordinates)]
This formula is known as Simpson’s one-third rule or simply Simpson’s rule.

To apply this rule the given interval must be divided into even number of equal
sub-intervals.

3. Simpson’s one-eigth rule

By taking n = 3 in the general Quadrature formula and neglecting terms containing
A‘yo, Asyo PR we get
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x +

3h
| fe)dx= Bh[yo + 3(ay) + F8yg + (A ]

X
0

[Since Ayo = yl— yo. A2y0 = yz" 2y1+ yo' Asyo = y3_ 3y2+ 3]/]- yO]
Similarly,

x + 6h
[}

If(x)dx=3—8h-[yl+3y4+3y5+y6],

.........

......................

If(x)dx=-3§h-[y"_3+3y”_2+3yn_1+yn]

[Here n is a multiple of 3]
Adding these n integrals, we get
x + nh
0
jf(x)dx—g’-h (y,+v)
) [ yo yn

x
]

+3(y1+y2+y4+y5+ ..... +yn_4v+yn_2+_y"_1)

This formula is known as Simpson’s three—eighth rule.
This formula is applicable only when n is a multiple of 3.

6
dx
Example 1. Evaluate I by using
s 1+2

G) Trapizoidal rule (i) Simpson’s% rule (i) Simpson’s % rule

Solution : Divide the interval (0, 6) into six parts each of width i = 1. Let f(x) = 1__17 :
Then

x 0 1 2 3 4 5 6
f(x) 1 0.5 0.2 0.1 0.0588 - | 0.0385-{ 0.027
(i) By Trapizoidal rule
dx
JZ T+ 2 [(yo+y6)+2(y1+yz+y3+y.+y5)]

[(1+ 0.027)+ 205 + 0.2 + 0.1 + 0.0588 + 0.0385) ]

Nj= N

ap— 14
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= %[1.027 + 1.7946] = 1.4108

(ii) Simpson’s% rule

{3

&

[(yo+ Ye) + 4(3/1 +yY, ty)+ 2(.1/2 +Y, ]

Y

+

[(1+ 0.027)+ 4(0.5 + 0.1+ 0.0385) + 2(0.2 + 0.0588) ]

[1.027 + 2.554 + 0.5176] = 1.3662

[}

(iii) Simpson’s% rule

dx 3h :
J: 1+x2=?[(yo+y6)+3(yl+y2+y4+y5)+2y3]

W wo|w

[(1+ 0.027)+ 3(0.5+ 0.2+ 0.0588 + 0.0385) + 2(0.1)]

= —[1.027 + 2.3919 + 0.2] = 1.3571

N ®

Example 2. Calculate f logx dx by using
4
(i) Trapizoidal rule (i) Simpson’s % rule (iii) Simpson’s % rule

given

x 4.0 42 | 44 4.6 4.8 5 5.2
logx 11.38629 [1.43508 |1.48160 |1.52605 1.56861 |1.60943 1.64865

(i) By Trapizoidal rule. Here n = 6 and h = 0.2

illogx dx = 5[(y0 +y)+ 2(y1 tY,ty, +ty, + ys)]
0.2

T[(138629 + 1.64865) + 2(143508 + 1.48160
+ 1.52605 + 1.56861 + 1.60943) ]

[3 034953 + 15.24154] = (0.1) (18.27649) = 1.82765.

~|°

(i) Simpson’s% rule

.T log x dx = 3[(y0+y6)+4(y1 TYtYs) H 20, +y, ]

%[(1 38629 + 1.64865) + 4(1.43508 + 1.52605 + 1.60943)
+ 2(1.48160 + 1.56861) ]
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%—[3 034953 + 18.28224 + 6.10042]
0.2
= &2 o7.41761) = 182784

(iii) Simpson’s; rule

2 3h .
i logx dx = —8-[(y0 +y )+ 3y ty, tY T Y+ 2y3]

= i(%2)-[(1.38629 + 1.64865) + 3(1.43508 + 1.48160
+ 1.56861 + 1.60943) + 2(1.52605) ]

95—[3 034953 + 18.28416 + 3.0521]
98— [24.371213] = 1.82784.

= -ia[30.464] = 1.82784.

Example 3. Evaluate r e * dx approximately in steps of 0.2 using by using Trapizoidal
0

rule.
Solution: Let y =e* and h =02.

The values of x and y, are given below.

x 0 02 0.4 0.6 08 1.0
v 1 1.2114 1.4918 1.8221 2.2255 2.7183
x Yo Y1 Y2 Y3 Ys Ys
By Trapizoidal rule
h
f x =[G Yot ¥s) + 204, + Y+ Yy Y,)]
0.2

--2-[(1+ 2.7183) + 2(1.2114 + 1.4918 +'1.8221 + 2.2255) ]

= (0.1)[3.7183 + 13.5014]
= (0.1) [17.2399] = 1.72197.

Example 4. Using Simpson” s% rule, evaluate f ——;—by dividing the interya

six equal parts.

Solution: Let y = 1—1——; and h = 05.
MANGALORE

The values of x and y are tabulated below. 575 301,
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0 05 1.0 15 2 25 | 30
0667 | 0500 | 0400 | 0333 0286 | 0.250

By Simpson's % rule, we have

dx h
jz 1+x=§[(yo+y6)+4(yl+y3+ys)+2(y2+y4)]

= 0TS[(I_ + 0.250) + 4(0.667 + 0.400 + 0.286)

+ 2(0.500 + 0.333) ]

[=]

= 05

[1.250 + 5412 + 1.666] = %5[8.3281 = 1.388

~u'

Example 5. Using Simpson’s % rule obtain an approximate value of r(?.x - M.
0

Solution: Let y = (2x - x*)* and h = 0.05. Thusn =6
Now, :

x| o] o005 0.10 0.15 0.20 0.25 030
y | 0 [ 03122 | 04359 | 05268 | 06000 | 0.6614 | 0.7141

By Simpson'’s % rule, we have

> 3k
j:, 2x - 2 Mdx = ?[(yo +¥,) + 3(y, tU Y, ty)+ 2y3]

=3 °é°5 [0 + 0.7141 + 3(0.3122 + 04359 + 0.6000 + 0.6614)
. +2(05268)
= 0'83[0.7141 + 60825 + 1.0536] = 0'715[7.7962] = 0.14617.

Example 6. A solid of revolution is formed by rotating about the x-axis, the area between
the x-axis, the line x = 0 and x = 1 and a curve through the points with the following

" coordinates.

x 0.00 0.25 0.50 0.75 1.00
y 1.0000 0.9896 0.9589 0.9089 0.8415

Solution : The volume of the solid generated is given by

I:nyzdx

By Siii{pson’s % rule, we have (here h = 0.25)

h
J: nyzdx=u§[(y:+y:)+4(yl+y§)+2(y§)]
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- 9-3§ n {1 + (084157 + 4[ (09896)° + 0.90897] + 2(0.9589)
_ 025 ;-1416' [1.7081 + 4(0.9793 + 0.8261) + 1.8389]

= (0.2618) [1.7081 + 7.2216 + 1.8389]
= (0.2618) (10.7686) = 2.8192.
EXERCISES

dx

l.Ealtf by usi
vuae01+x2yusmg

(i) Trapizoidal rule (i) Simpson's% rule (iii) Simpson’s% rule

dx .
2. Evaluate j: 1+ xby using
(i) Trapizoidalrule (¥ Simpson’s% rule (iii) Simpson’s% rule

3. Evaluate f f(x) dxby Trapizoidal rule using the following table.
1

| 1 2 3 | a4 5 6 7
y 2105 | 2.808 | 3.614 | 4604 | 5857 | 7451 | 9467

4. Use Trapizoidal rule to evaluate T y, dx, given that
4

x 40 42 44 4.6 48 | 50 5.2
Y. 1.386 1.435 1.482 1.526 1.569 1.609 1.649

5. Using Trapizoidal rule evaluate f y, dx, given
' 0

x 0 1 2 3 4 5 6
y 0.146 0.161 0.176 0.190 0.204 0.217 0.230

6. Evaluate j) Ti% by Trapizoidal rule by considering eight subintervals of the interval
0 .
[0, 1]. Hence find an approximate value of log2.

7. Evaluate f x* dxwith h =1, by Trapizoidal rule.

8. Evaluate J2 d% with h =5, by Trapizoidal rule.
1

9. Using Simpson's % rule evaluate j -ld—:; by dividing (0, 1) into 8 equal parts.
1
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10.

11.

12

13.

14.

15.

16.

17.

18.

19.
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dx

1+

equal parts. Hence find an approximate value of x

By using Simpson'’s % rule evaluate f 2 by dividing the interval [0, 1] into six
(]

. . 1 dx
By using Simpson’s 3 rule evaluate _’: =45

parts. Hence find an approximate value of log5.

by dividing the range into 10 equal

By Simpson'’s % rule evaluate f f(x) dx, given
0

x 0.0 0.5 1.0 1.5 2.0
f(x) 0399 | 0352 | 0.242 | 0.129 | 0.054

Use Simpson'’s -;- rule to evaluate f

7 correct to 3 places of decimals in steps of
0o 1+ x)

1 unit.
A curvey = f(x) passes through the points (x, ¥) given in the following table,

0 0.25 0.5 0.75 1
1 4 8 4 1

By using Simpson'’s %— rule, find the volume generated when the curve is revolved

about the x - axis.

The following tables gives 6 values of an independent variable x and the corresponding
valuesof y = f(x)

x 0 1 2 3 4 5 6
y 0.46 0.161 0.176 | 0.190 | 0204 | 0217 | 0230

Evaluate f l_x? dx by using Simpsen’s -g— rule, dividing the interval into 3 equal
01+ ]
parts. Hence find an approximate value of log V2.

Evaluatej6 ] dx 2 by using Simpson’s % rule, dividing the interval into 6 equal parts.
ol +

2
Evaluate jl logx dx by using Simpson'’s % rule, given that
4 ~

x 4.0 42 44 4.6 48 5.0 52
logx 11.3863 |1.4351 [1.4816 [1.5261 |1.5686 1.6094 11.6487

|
¥+ 1

By using % rule with h = 0.2, find the approximate area under the curve y=

between the ordinate x = 1 and x = 2.8.
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20. Esumate the length of the arc of the curve 3y = x> from (0, 0) to (1, 3) using Simpson’s
5 rule taking 8 subintervals.  [Hint:s = f V1 + Gy dx]

ANSWERS
1. () 1.4108 (i) 1.3662 @Gii) 1.3571  (iv) 1.4056
2. 1.9588 (appx) 3. 3012 4 18277 5. 1136 6. 0.694125
7. 115 8. 0.6921 9. 0.6932 10. 0.785397,3.141588
11. 1.61 ' 12. 0477 13. 0.874 14. 6.8095 15. 1.13625
16. 0.348077 17. 1.357082 18. 1.8278 19. 09152 20. 1.0893.

1.21 Numerical Solution of Ordinary Differential Equations

In this section we deal with some simple numerical methods of solving first order
ordinary differentisd equations.

We consider few methods of solving the differential equahons of the form
dy _
| il )
subjected to the condition of the form y (x;) = ¥,
Here the initial conditiony (x,) = ¥,is specified at the point x. Such problems in which
the initial conditions are given at the initial point only are called initial value problems.

1.22 Taylor's Series method
Consider the first order dlfferekhal equation

_Ez=f(x,y) y@) =Y, e 1)
Differentiating (1) w.r.t x we get
QL o dy
dxz oy dx
ie. y" =fx +fyf

Differentiating successively, we obtainy """, y " etc.
Now by putting x = x, and y = y, we get the valuesof (¥ ' ),, (¥ "),, (¥ "), etc.

Now we have the Taylor’s series

x-x x-x
y=y, + (x-x)W' )y + 0) —7 Y + 0) ")y +

This gives us the Taylor series solution at the point x ina neighbourhood of the point x .

Example 1. Find by Taylors series method the value of y at x = 0.2 correct to four decimal
places if y (x) satisfies

dy _ . _p -
x - XY and y(0) =1
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Solution : We have

Yy =x-y W')=-1

y”=1-2yy’ @")y=1-2-1=3

y” == 2yy” - 2y ) @”)y=-6-2=-8

yP =2y S oyy” - ayty” W®)y=(-2x-8) - 6(-1).3 = 34

y'=-2[yy" + 4y + 3071 (%), = - 234 — 4-1)(-8) - 609) = - 186
The Taylor’s series solution is given by

(x— 0)2 x—xo)

+(x_xo)(y') L A A TEE W)y + -
= y=1<—x+%xz—§x3+%x4—%x5+ .....

Putting x = 0.2, we get

=1 3022 - 202° + gt _ 3L g5
y=1-02+702" - 302"+ 302" - 3:02° + ...

= y=1-02+ 006 - 0.010666 + 0.002266 — 0.000496
= y = 0.8511 (correct to four decimal places).
In the Taylor series
(x - xo) (x - xo)
=Yt =)W )+ —5T @), + 37 W)y

Puttingx = x, = x, + h, we get

| ’ hz ”
y(xo+h)=yl=y0+hyo +o7Yy F e

This is the Taylor series solution of the given equation at the point x, = x, + h. Here
Yor Yo r Yo' s wvevenee are the valuesof y, y’, y” ....at x = x_.

Example 2. Using Taylors series find the solution of x % =x-y y@2)=2atx=21

correct to five decimal places.
Solution:Here x =2 and Yo=y2) =2
The given differential equation is
y' = -y _ ¥
x x
rxy=1-Y =1-1_
y'(x)=1 Y y=1- 1 =0
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" — " = .2._.1
y(x)--—%—+;'/3 y" @) 0+41--2

y" 2y' 2 - 1 4 3
y"'(x)=x+—:{r-;; y (2)=—Z+O_§=_Z

by o YL 3YT 6y &y wg 3.8 ,12.3
y® @) = x+—;‘(/7- —5—+x4 Y@ =g+5-0+%=3

Now, the Taylor’s series solution we have

2in =y -+ iy By Eyra s
y =Y 11Y 21Y 31Y @

#1 K 3), K(3
= y(2+h)=2+h.0+2.2+6(—4)+242+ .....
P B W
= y(2+h)-2+4—8+16+ .....

Putﬁng h=0.1, we get
2 3 4
yen -2+ QL O, G0,

.....

= y(2.1) = 2 + 0.0025 + 0.000125 + 0.0000062 = 2.0026312.
Example 3. Using Taylor's series method, find y(0.1) correct to 3 decimal places

4y - -
ax " 2xy = 1,giveny, = 0.

Soluﬁon:Wehave-Z% +2ry=1 = y'=1-2xy

Now, y' =1-2xy y'©0=1
y"'=-2(x+xy" y"@©0) =0
y'll=_2(xyﬂ+2yl) yln(o)=_4

By data,x, =0, y,=0 and b = 0.1
Now, the Taylor’s series solution is,

. ’ hz " h3 ne
y(x0+h)=yl=y0+hyo+5—!yo +g¥ "

2 3
ie y(©1)=0+01+ @’2—1}- x 0 + 50—'21!)- x (-4) = 0.09933
EXERCISES

1. Using Taylor’s series method, compute the solution of % =x+yy0)=1latx=02

correct to three decimal places.

2. Solve % = y* + x,y(0) = 1, using Taylor’s series method and compute y(0.1) and 3(0.2).
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3. Solve % =2 + 4 y0)=0, by Taylor’s series method and compute y(1).
4. Solve % = xzy - 1,y(0) =1, by Taylor’s series method and compute y(0.1) and y(0.2).

5. Solve % = 2x + 3y,¥(0) =1, by Taylor’s series method for x =0.1 (0.1)0.3.

ANSWERS
1. 1243 2. 1.1164,127253. 03502 4. 0.90033,0.80277
5. 1.355, 1.8559, 2.55161.

1.23 Euler’'s Method
Consider the equation

% =fe,y 1)

with initial conditiony = y, at x = x,

Lety = y (x) be the actual solution of the equation. Let  be the interval of differencing.
We have by mean value theorem,

yx+h)y=yx)+hy'x .. 2
Taking x = x), we get
Yy, +h) =y@x,) + hy'(x))
= y.(x0 + h) = Yo + hf(x , yo) [from (1)]
= yx) =y, + hf(x, y,) [wherex = x + h]
This is an approximate solution of the equation (1) at x = X .
Denoting y (x, ) by y,, we have
Yo=Y + hf (x5, )
Now, taking x = x, in (2), noting thaty (x) = Yy ' (x)=f(x;,y,) weget
y(x1 + h) = y(x) + hy’(xl)
Setting x, + h =x, and y(x,) = Yy, ,weget
Y=Y, +hf@x, y)

This gives us an approximate solution of the equation (1) atx = x, = x, +h=x+2h.

2 0

Repeating this process n times, we get
yn = yn—l + hf(xn-l’ yn—l)

which is an approximate solution at x = x, + nh.
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This process is called Euler's method of finding an approximate solution of the
equation (1). s

Modified Euler's Method

Consider the equation
d
;,% =f@x,y

with initial conditiony = y, when x = x,

The first approximation for y at x = x, by Euler’s method is
y, = Y + hF Gy, ¥p)

The first modified value of y, is given by

h
90 = 90+ Blftay. vy + S, )]

The éecond modified value of y, isgiven by

h
¥O =y + 310 ) + flx, ¥)]
We repeat this step till two consecutive values of y agree. This value is taken as y,. Then
y, is given by
Y =Y + hfGq Yy)

Again the previous steps are repeated till y, becomes stationary. Then we go over to
calculate y, as above and so on.

This is the modified Euler’s method.

Example 1. Using Euler’s method solve%xl =1 + xy with y(0)= 2.Find y(0.1), ¥(0.2),
y (0.3).

Solution : We have the Euler’s formula for the differential equation :—:—E =f(x,y)

as Yy, =Y, _thfx,_,y,_ ), n=1,2,3, ..
Here, fGx,y)=1+ 2y, x,=0,y,=2,h=01

Now, y0.1) = y, = y, + hf(x,, y) =2 + O.1f(O, 2) = 21
Now, X, =x,+ h = 0.1, we get

Y02 =y, =y, + Hx, y) = 21 + QD1 + Q2] = 2221

Now, x,=x + h = 0.2, we get

Y03) = y, = y, + Bf (xy, ¥p) = 2221 + QD [1 + (0:2)(2221)] = 2.3654
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Example 2. Using Euler’s modified method solve % =2+ y where y = 0.94 when

x=0,forx=0.1.

Soluﬁon-Hereéi—f(x )=+ =0,y =094,k =01
: 3 =S y) = ¥, x,=0,y,=094,h =01

Let x, = 0.1. Tofindy, = ¥(0.1), we have from Euler’s method

V=Y Ry, y) =y, + h (g + Yo)
= y, = 094 +(0.1) [0 + 0.94] = 1.034.
By Euler’s modified method, we have

h
yg” =y, + E[f(xol Yo) + f(x;, ¥)]

= y‘l"=0.94+°é—1[5c§+yo+xf+y1]
= y® = 094 + 951[0 + 094 + (0.1)? + 1.034]
= vV = 0.94 + (0.05) (1.984) = 1.0392

Now, y?’=y0+-’21[f(x Yo+ fx, ¥
= y? = 094 + 9'21[0 + 094 + (0.1 + 1.0392]
= v® = 094 + (0.5)(1.9892) = 1.03946.

Again, B =Y+ %U(xo' Yo + flx, ¥)]
= ¥P = 094 + %100 + 094 + (0.1 + 103946 ]
= ¥ = 094 + (0.5)(1.98946) = 1.039473.

Now, y(14’=y0+%[f(x0,y0+f(x1,y‘13))]
= ¥ =094 + £L10 + 094 + 017 + 1039473
= ¥ = 094 + (0.5)(1.989473) = 1.03947.

Thus y‘ls) and y‘l"

are equal correct to five decimal places. Hence ¥, = ¥(0.1) = 1.03947.
Example 3. Use Euler’s modified method to compute y for x = 0.05 and x = 0.1, given

that % = x + y with the initial condition x=0,y,=1
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Solution : Here £;-}:f(x, y)=x+y x,=0,y,=1,h=05

Let x, = 0.05.
We have from Euler’s method
Y, =Y, + hf(x dY) =Yy +h(xy + )
= y, =1 +(0.05) [0 + 1] = 1.05.

By Euler’s modified method, we have

h .
yO =y, + 5 [f 0 ) + f (5 9]

= y(11’=1+0—’2(§[x0+y0+x1+y1]
= y® =1+ 0025[0 + 1 + 005+ 105]
= y® =1 + (0.025)(21) = 1.0525

Now, ¥O =y, + %[f(xo, ) + f&x, )]
= y§2’=1+%’§[0+1+0.05+1.0525]
= ¥? =1 + (0.025(2.1025) = 1.05256.

Thusy° = ¥® . Hence we takey, = y(0.05) = 1.0526.
Now, let x, = 0.1. We have by Euler’s modified method

Y=Y + hf(x,, y) =y + h(x; +9,)
= y, = 1.0526 +(0.05) [0.05 + 1.0526]
= y, = 1.0526 +0.05513 =1.10773
Again by Euler’s modified method,

h
y(zl) =¥ +E[f(x1l Yy +f(x2’ yz)]

@ 0.05

= y = 1.0526 + =>[0.05 + 1.0526 + 0.1 + 1.10773]
= ¥ = 1.0526 + 0.025(2:31033) = 1.110358 ~ 1.1104
h
Now, ¥ =y, + S LG vy +f@,, ¥

0.05

= yP = 10526 + = - [0.05 + 1.0526 + 0.1 + 1.1104]
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= ¥® = 10526 + (0.025/(2.313) = 1.11042.
Here y{) = y®. Thus ¥, = ¥(0.1) = 1.1104.

EXERCISES
Using Euler’s modified method solve the following equations correct to 4 places of decimal.

dy _ - -
1 x-*ty y(©0) = 1forx=0.1
2, %:u«@, y(1) = 1forx=2, takingh=0.1
+y, v () = 1forx=0.02,0.04

H_p
¢ Ho2iy,  y©=1forr=02, takingh=01
dy
dx
ay

5. =1-y, y(©0) = Oforx= 0.3, taking h = 0.1.
d 2 . .
6. Y -x, ¥ (0) = 1in three steps with h = 0.2
o ANSWERS
1. 10526 2. 5.0524 3. 1.6202 and 1.0408
4. 1.8949 5. 0.2588 6. 1.737.

- 1.24 Runge-Kutta Method
Consider the differential equation
ST g
Z=fe.y
with initial conditiony = y, when x = X,
The Runge — Kutta method of second order is given by

1
¥=%+ E(kl + k)
where k= h.f(x,, y,); k2=h.f(xo+h,y0+k1)
The fourth order Runge - Kutta formula is given by

1
yl=y0+-6-(k1+2kz+2k3+k4)
h k1
where k =h.f(x), y,); k,=h.f YNty Wty

h kz
k, = h-f[xo + 3o Yyt —Z_J' k, = h.f(x0 +h,y + k3)
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If we set k = %(k1 + 2, + 2k, + k,) then clearly k is the weighted mean of

k., k,, k, and k,.

Then the required approximate value is givenby y, = y, + k.

After finding the first approximation, the approximate solution at
x,=x +h=2x+ 2h can be obtained by

Y=Ytk
1
where k=g(k1+2k2+2k3+k4)
h kl
Here k,=h.f(x;,y,); k,=h.fl x + 2 Yt

B k
k, —hf(x o Yt 2]; k4=h.f(xl+h,yl+k3)

‘Solutions at x, = x, + h, x, =x, + h, ... may be obtained using the following
generalized formula
1
yn+1=yn+g(k1+2kz+2k3+k4)
h k. =h ; k,=h k k—l
where ,=h.f&x,.y,) ; , = .fx"+2,yn+2

h k
k3=h_f(xn+-2-,yn+7z}; k4=h.f(xn+h,yn+k3)

Example 1. Solve —l =x+ y2 with initial condition y =1 when x =0 forx =0.2(0.2)0.4,
using Range-Kutta method of 4™ order.

Solution: Heref(x, y) = x + v, x=0, yy=1and h =02
The first approximation of the solution is given by
1
y1=y0+g(k1+2k2+2k3+k4)

2
Now, ky=h.f(xy, yy) = (020 + 1 1=02

h k
k—hfx+ ,y0+—2—

(02)f[0 + % 1+ 022)

©02)f(0.1, 1.1) = (02)[0.1 + (1.1))] = 0.262

k, -hf[x +h,yo+%]

/
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= (02)f(0.1, 1.131) = (0.2)[0.1 + (1.131)%}.= 0.2758
= h.f(x0 +h,y, + ks)

= (0.2)f(0.2, 1.2758) = (0.2)[0.2 + (1.2758)] = 0.3655

1

Now, yl=yo+g(k1+2k2+2k3+k4)
= ¥, =1+ 2002 + 20262) + 202758) + 0.3655]
=

y, =1+ -;-[0.2 + 0.524 + 0.5516 + 0.3655] = 1.2735

The second approximationy, = y, + h is given by

1
y2=yl+g(k1+2kz+2k3+k4)
Now, k1 =h.f (x,.9,) =02 f(@©.2, 1.2735
= (0.2){0.2 + (1.2735)] = 0.3644
h k
k, = h.f(:ic1 to Yt —21-)

= 02) f[ 02 +%2 12735 + 0'3644)

2 2
= (0.2)[0.3 + (1.2735 + 0.1822)%]
= (0.2)[0.3 + 2.119062] = 0.4838
h kz
k, = h.f[x1 ooyt ?}
= 02) f(o.z + %2 12735 + 9%3‘5-]
= (0.2)[0.3 + (1.2735 + 0.2419°]
= (0.2){0.3 + 2.2964] = 0.5193
k, = h.f(xl +h,y + k3)
= (0.2) (0.2 + 0.2, 1.2735 + 0.5193)
= (0.2)[04 + (1.2735 + 0.5193)*]
= (0.2) [0.4 + 3.21413] = 0.7228
Now,

1
y2=y1+-é-(kl+2kz+2k3+k4)

y, = 1.2735 + %[03644 + 2(0.4838) + 2(0.5193) + 0.7228]
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= y, = 1.2735 + %[0.3644 + 0.9676 + 1.0386 + 0.7228]

= y, = 1.2735 + 0.5156 = 1.7891.
Thusy, = y (0.4) = 1.7891 is the approximate solution of y at x, = 0.4

Example 2. Find the approximate solution at x = 1.2 of the equation g—z— = xy given
y(1) =2 by Range - Kutta method 4™ order.
Solution: Heref(x, y) = xy, x,=1, y,=2 and h = 0.2,
The first approximation of the solution is given by
y,=y(x, + h) =y(12) =y, + k

where = -16-(kl + 2k, + 2, + k,)
Now, k,=h.f(xy, Yp) = 0.2)f(1, 2) = (0.2)(1)2) = 04
h k
k, = h.f{x0 +50 Yt —2—)

0.2 0.4
= (0.2)f[1 + 5 2+ —2—)

= 02)f(11, 22) = (02)(1.1)(2.2) = 0.484

h k
k3=h.f[x0+-2-,y0+—22-]

= (0.2) f( 11,2+ 0‘4284

=(0.2)f(1.1, 2242) = (0.2(1.1)(2242) = 0.49324
k, = h.f(x0 +h,y, + k3)

= (02)f(12, 2.49324)

= (0.2) (1.2)(2.49324) = 0.59837

Now, k=%(k1+2k2+2k3+k4)
= k = %[0.4 + 20484) + 2(0.49329) + 0.59837]
= k= %[0.4 + 0968 + 0.98648 + 0.59837]
N k= %(2.952&5) = 049214

Yy, =yl =y, + k = 2.49214, which is the required value.
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EXERCISES
Solve the following equations using Range-Kutta method
. ®_14¥ ;@ =2forx=22takingh=01
dx x
2. % = x/?, ¥ (0) = 1 for x = 0.2(0.2)0.4
3. %x! =@x+y', y@© = 1forx=0505)1
4, % =1+, y (0) = 0 for x = 0.2(0.2)0.6
5. % =2 +yy(Q) = 15forx=12, withh=0.1.
ANSWERS
24114 2. 1.0204 and 1.0869 3. 13571 and 1.5837

0.2027, 0.4227, 0.68413 5. 2.5005.



LINEAR PROGRAMMING

2.1 Introduction

The linear programming (LP) is a Mathematical technique designed to optimize the usage
of limited resources. Linear programming is more applicable for military, industry, agriculture,
transportation, economic problems, etc.,. The computation in a linear programming involves
more steps and calculations. Hence it is necessary to use the aid of computer. In this text we
present the matter in such a way that the students of computer science can develop a computer
program for the algorithms given.

2.2 Formulation of Linear Programming Problem

The formulation of a linear programming problem as a Mathematical Model involves the
following basic steps

Step 1. Identification of the key variables on which the decision is to be taken. These variables
are called decision variables and usually denoted by x , x,, ..., X .

Step 2. Construction of the function Z, which involves the decision variables, to be optimizes .
The function Z, which is to be decided by the decision variables X Xpen X to the best
optimization is called objective function.

Step 3. The conditions or restriction on the choice of decision variables. The conditions are
usually equalities or inequalities satisfied by the decision variables. These conditions
are called constraints.

Step 4. The decision variables are normally non-negative reals. That is x 2 0,foralli=1,2,

..., n . These are called non-negative restrictions (or conditions).

* Optimization is a process of maximizing or minimizing the function (objective)

87
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The constraints are linear (i.e. no power for decision variables or product of two decision
variables present) in decision variables for a linear programming problem.

The above steps can be best explained with the aid of following examples.
Example 1: Find two posiiive numbers whose sum is at least 10 and differences is at most
5 such that their product is maximum.
Solation: o
Step 1. We have to choose two positive numbers. Let x and x, be the required numbers. Then
x and ﬁtz become décision variables.
Step 2. Our object is to get the maximum product. The product of numbers X and x, is

X X, Letz= X X, Then

hdaximize Z=x .—a is the objective function.

Step 3. As a condition we have

@) Sum of numbers is at least 10

(ii) Difference of numbers is at most 5

ie.x —x <5

(iii)  Since the numbers are non-negative
ie.r 20andx 20

Thus, a Mathematical Model for the given problem is
Objective function
Maxz=x x
172
Subject to the constraints
x +x 210
1 72
x =X, <5
leOandeZO.
Example 2. A firm manufactures headache pills in two sizes A and B. A constrains 2
grains of aspirin, 3 grains of bicarbonate and 2 grains of Codeine. Size B contains 1 grain
of aspirin, 2 grains of bicarbonate and 4 grains of codeine. It is found by users that it
requires at least 10 grains of aspirin, 24 grains of bicarbonate and 50 grains of codeine

for providing immediate effect. It is required to determine the least number of pills a
patient should take to get immediate relief.

Formulate the problem as a standard L.P.P.
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Solution:

Step 1. It is required to find the least number of pills of size A and size B to be taken.
Thus the decision variables are number of pills of different kinds.

Letx and x, be respectively the number of pills of size A and size B to be taken.

Step 2. As the number of pills to be taken should be minimum, the sum of pills to be
minimized.
i.e. Objective function is

Step 3. To obtain the constraints we tabulate the given data’s as follows:

Contents
Size (in grains) Availability
Aspirin | Bicarbonate | Codeine
A 2 3 2 No restriction
B 1. 2 4 No restriction
v
Requirement g g &

Taking x, number of pills of size A and x, number of pills of size B we get
-2 x +x grains of aspirin
3 x + 2 x grains of bicarbonate
2x 4+ 4 x, grains of codeine

For immediate relief we have
Aspirin 2 10 ; Bicarbonate 2 24; Codeine 2 50

Hence D x +x 210

Step 4. Since one cannot consume negative numbers of pills of any kind, we have x 2 0
and x 20.

Summarizing all the above steps, we get the following mathematical model for the given
problem

Objective function
Minimize Z = x +x
Subject to the constraints

2x +x. 210
1 2
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3x1+2x2224

2x +4x 250
1 2

x20,x 20.

1 2

Example 3. A farmer has a 100-acre land. He can sell all the vegetables A, B and C he can
raise. The price he can obtain by selling A, B and C are respectively Rs. 4, Rs. 3.75 and
Rs. 5 per kg. The average yield per acre of A, B and C are respectively 2,000, 3,000 and
1,000 kg. Fertilizer is available at Rs. 2 per kg. and the amount required per acre is 50 kg.
for each A and B, and 25 kg. for C. Labour required for sowing, cultivating and
harvesting per acre is 5 man-days for A and C, and 6 man-days for B. A total of 400 man-
days of labour are available at Rs. 20 per man-day.

Formulate this problem as a linear programming model to maximize the farmer’s
total profit.

Solution:

Let X, X, and x, denote respectively the number of acres the farmer has to raise the
vegetables A, B and C. Then profit from

(i) Ais=return from A — investment on A
= (price per kg. x number of kg. A) — (fertilizer + man power)
= (Rs. 4x2,000xxl)—(Rs. 2x50Xxl +Rs.20x5 Xx)
= Rs. (8,000 - 100 - 100) x =7800x .

(ii) B is =return from B — investment on B
= (price per kg. X number of kg. B) — (fertilizer + man power)
= (Rs. 3.75% 3,000 x x) - (Rs. 2 x50 x x, + Rs. 20 x 6x x)
=Rs. (11,250 - 100 - 120) x, = 11030 x.

(iii) C is = return from C - investment on C
= (price per kg. x number of kg. C) — (fertilizer + manpower)
=(Rs. 5% 1,000xx3)—(Rs. 2x%x25 Xx3+Rs. 205 ><x3)
=Rs. (5,000 - 50 - 100) x = 4850 X,

Maximum profit of the farmer is
Max z =7800 x + 11030 x, +4850 x .

The constraints are
(i) Total man power available is 400
i.e. man power for (A + B + C) <400
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ie. 5x +6x +5x <400
1 2 3
(ii) Total land area is 100 acre
i.e. x +x +x <100
1 2 3

x 2 0,x 2 0, x 2 0 (non-negativity of area)

(iii)
Thus, the mathematical model is

Objective function
Max z=7800 x + 11030 x + 4850 x,

Subject to the constraints
Sx +6x_+5x <400
1 2 3

x1+x2+x33100
x 20,x20,x 20.
1 2 3

Example 4. Formulate the followinig problem as a linear programming problem.
“ A firm engaged in producing 2 models x and x, performs 3-operation-painting,

assembly and testing. The relevant data are as follows:

Model Unit sale Hours required for each unit
price
Assembly Painting Testing |
X Rs. 50 1.0 0.2 0.0
o Rs. 80 1.5 0.2 0.1

Total number of hours available are; Assembly 600, painting 100, Testing 30
Determine weekly production schedule to maximizing revenue.

Solution: Let X and x, be respectively the number of items (units) of model x, and x

produced. Then

Profit from the production is
Z = profit from x + profit from x,

Z=50x + 80 x,
Requirement for x and x, and availability is

(i) Time for assembly < 600 hours
(1.0) x + (1.5) x, <600

1 2
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(ii) Time for painting < 100

ie. |0.2 x +02x < 109[

(iii) Time for testing < 30hours
ie.0x +0.1x <30

(iv) Non-negativity in production

ie x 2 0
e f2052g

Thus, the mathematical model for the problem is
Objective function
Maxz=50x +80x

Subject to the constraints
x + 1.5 x < 600

0.2 X +0.2 x2.<_ 100
0.1 x, <30
x 20,x 20

1 2

Example 5: Formulate the following problem as a linear programming problem. Do not
solve:

“ Consider a small plant which makes two types of automebile parts, say A and B. It
buys casting that are machined, bored and polished. The capacity of machining is 25 per
hour for A and 40 hour for B. Capacity of boring is 18 per hour for A and 30 per hour for
B and that of polishing is 35 per hour for A and 30 per hour for B.

Casting for A costs Rs. 2 each and for part B they cost Rs. 3 each. They sell for Rs.
5 and Rs. 6 respectively. The three machines have running costs of Rs: 20, Rs. 14 and Rs.
16 respectively per hour. Assuming that any combination of parts A and B can be sold,
what product mix maximizes profit”?

Solution:

Let X, X, be Ehe number of units of type A and type B manufactured respectively. We

illustrate the data’s to obtain the constraints and objective function in the following table.

Type Cost price in Rs. | Selling price in Rs. | Working capacity of the machines per hour
’ Machining Boring Polishing |
A 5 25 18 35
B 40 30 30
Running cost 20 14 16
per hrs. in Rs.




Linear Programming 93

Investments For A For B
(in Rs.) (for one unit) | (for one unit
Cost price 2 3
Machining 20/25 20/40
Boring 14/18 14/30
Polishing 16/35 16/30
Net (SUM) 4.045 4.50

Profit from A by selling x items = selling price — Investment
=5 x - 4.045 x = 0.955 x,

Profit from B by selling x, items = selling price — investment
= 6x2—4.5 x, = 1.5 x.

. Total profit [z: 0.955 x, +1.50 le

To find constraints: -

Total production on machining = %+% in one hours

MANGALCRE

= |[ALs22<, 475 CO1.
25 40

Total production on Boring = 15‘8—+£2- in one hours

= |22
18 30

Total production on Polishing = %+% in one hours

= |+ 22<q|
. 35 30
And one cannot produce negative number of items.

~F30:59

Thus model for the problem is:

Objective function
Max z = 0.955 x + 1.50 x,
Subject to the constraints
A%<
35 30
A,.24
18 30
AiZagq
25 40
x 20,x 20.
1 2
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Example 6. An oil company produces two grades of P and @, which are sold at Rs. 18
and Rs. 21 per gallon. The refinery can buy 2 different crudes with the following analysis
and costs

Crudes Composition Price per gallon in rupees
4 B C
80% 10% 10% 14
2 0% 4490% 30% 10

The Rs. 21 grade must have at least 50% of A and not more than 25% of C. The Rs.
18 grade must not have more than 25% of C. In the blending process 2% of A and 1% of
B and C lost because of evaporation.

Formulate the problem with a view to determine the relative amount of crude’s to be
mixed so that the profit is maximized.

Solution:
: Let.p N §nd p, be respectively amounts of crudes 1 and 2 mixed to produce gasoline of
grade P in gallons.
= Let q, and q, be respectively amounts of crudes 1 and 2 mixed to produce gasoline of
. grade Q in gallons.
~ Profit from P = (selling price of the composition) — (cost of the composition)
=18 (pI + pz) — (investment + loss in mixing)
=18(p,+p)-[(14p +10p) + (14x80%x2% p + 10X 30% X 2% p, ) + (14 X 10% X 1% X p,
+10x40% % 1% p) + (14 10% X 1% p +10x30% x 1% p )]

18-14-14X —X —— —4X —X———14X—x—— |p,
100

- 80 2 10 1 10 1
100 100 100 100 100

+ 18-10-10x2—xi—10xﬂx—1-—10x—:ﬂx—1—- 2
100 100 100 100 100 100

=3.758 p + 7.87 p,

Profit from Q = (selling price of the composition) — (cost of the composition)

=21 (ql + qz) — (investment + loss in mixing)

=21 (q1 + qz) -[(14 q+ 10 qz) + (14x80%>x2% q* 10x30% % 2% q, )+ (14 % 10% X 1% % q,
+10x40% X 1% q ) + (14X 10% X 1% ¢ +10x 30 % x 1% )]
2 10 1 10 1

80
=[21-14-14X—X—-4X—X——14 X —X—
( 1007100 100 100 100" 100 | !

30 2 40 1 30 1
121-10- 10X == X = = 10X e X moe = 10X e X ——
[ 100" 100 100" 100 100 100)/’2

=6.758 q,+ 10.87 q,
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Therefore, total profit is Z = profit from P + profit from Q
=3.758 p + 7.87 p,+ 6.758 q,+ 10.87 q,

To find constraints: -
(i) Rs. 21 grade (grade Q) must have at least 50 % of A
i.e. Contents of A in Q = 50 % of the contents
ie. (80% p, - 2% 80% p) +(30%p2 - 2%30%p2) 2 50%(;;1 + pz)

i.e.

80 2 30 2 50
(EARETAEAE TR

100(' "100 * *100|' " 700 f2 % T00
i.e. 80X98p1+30X98p225000(pl+p2)
ie. [80 x 98 — 5000} p + (30 x 98 - 5000] P, 20
i.e. 2840pl—2060p220
ie. 710 p, - 515 p,2 0.

(ii) Rs. 21 grade (grade Q) must have at least 25 % of C
i.e. Contents of C in Q <25 % of the contents

ie. 100( 100);7 [ <‘—(P1+P2)

ie. 10x99p +30x99p <2500 (p, +p)
ie.  [990-2500] p, +[2970 - 2500] p_ <0
ie. -1510p +470 p <0

ie. 151p -47p 20.

(iii) Rs. 18 grade (grade P) must not have more than 20 % of C
ie. Contents of C in P < 20 % of the contents

ie. 1-‘(%(1—% 1+%[1—$ 2S%(ql+q2)
ie.  10x99g +30x994 <2000 (g +q)
" ie. [990 - 2000] q,+ [2970 - 2000] q, <0
ie. - 1010p] +970 p2SO
ie. 101 pl—97 p220.

@iv) As one cannot mix negative amounts of oils, the additional restriction is

pIZO,pzzo,qIZOanquZO.
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Thus, Mathematical model for the problem is

Objective function
Max z =3.758 p + 7.87 p,+ 6.758 q,+ 10.87 q,

Subject to the constraints

710p]—515p220
151p1—-47p220
101 ql—97q220

pIZO,p220,q120_,q220.

EXERCISES

Mr. Krishnamurthy, retired Govt. officer, has received retirement benefits, viz., provident fund,
gratuity, etc. He is contemplating as to how much funds he should invest in various alternatives
open to him so has to maximize return on investment. The investment alternatives are-
government securities, fixed deposits of a public limited company, equity shares, time deposits
in banks, National savings Certificates and real estate. He has made a subjective estimate of the
risk involved on a five-point scale. The data on the return on investment, the number of years.
for which the funds will blocked to earn this return on investment and the subjective risk
involved are as follows:

Return | Number of years. | Risk
Government securities 6% 15 1
Company deposits 15% 3 3
Equity shares 20% 7
Time deposits 10% 3 1
National savings certificates | 12% 1
Real estate 25% 10 2

He was wondering what percentage of funds he should invest in each alternative so as to maximize
the return on investment. He decided that the average risk should not be more than 4, and funds
should not be locked-up for more than 15 years. He would necessary invest at least 30% in real
estate. Formulate an L.P model for the problem.

“A company produces two types of models M . and Mz Each M . model requires 4 hours grinding
and 2 hours of polishing, whereas each M2 model requires 2 hours grinding and 5 hours of

polishing. The company has 2 grinders. and 3 polishers. Each grinder works for 40 hours a week
and each polisher work for 60 hours a week. Profit on M . model is Rs. 3.00 and on an M2 model is

Rs. 4.00. Whatever is produced in a week is sold in the market. How should the company allocate

“its production capacity to two types of models so that it may make the maximum profit in a week?”

Formulate this problem as a linear programming problem

The marketing department of Everest Company has collected information on the problem of
advertising for its products. This relates to the advertising media available, the number of families
expected to be reached with each alternative, cost per advertisement, the maximum availability of
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each medium and expected exposure of each one (Measured as the relative value of the one
advertisement in each media):
The information is as given here:

Advertising No. of families | Cost/ad. | Maximum availability | Expected exposure
media__ to cover (Rs.) (No. of times) (Units)
vV 3000 8000 8 80
(30 sec)
Radio 7000 3000 30 20
(15 sec)
Sunday Edition 5000 4000 4 50
(1/4 page)
Magazine 2000 3000 2 60
(1 page)

Other information and requirements:
a. The advertising budget is Rs. 70,000.
b. At least 40,000 families should be covered.

c. At least 2 insertions be given in Sunday edition of Daily but not more than 4 ads should be
' given on the TV.

Draft this as a linear programming problem. The company’s objective is to maximize the
expected exposure.

4, Formulate the following problem as a linear programming problem:

“A company makes two varieties, Alpha and Beta, of pens. Each Alpha pen needs twice as
much labour time as a Beta pen. If only Beta pens are manufactured the company can make 500
pens per day. The market can take only up to 150 Alpha pens and 250 Beta pens per day. If Alpha
and Beta pens yield profit of Rs.8 and Rs.5 respectively per pen, determine the number of Alpha
and Beta pens to be manufactured per day so as to maximize the profit”.

5. A manufacturer uses three raw products a, b, ¢ priced at Rs.30, 50, 120 per kg. Respectively. He
can make three different products A, B, C which can be sold at Rs. 90, 100, 120 per kg.
respectively. The raw products can be obtained in limited quantities, viz., 20, 15 and 10 kg. per
day. Given: 2 kg. of a plus 1kg.of b plus 1kg. of ¢ will yield 4kg. of A ; 3 kg. of a plus 2 kg. of &
plus 2 kg. Of ¢ will yield 7 kg. of B; 2 kg. Of b plus 1 kg. of ¢ will yield 3 kg. of C. Formulate this
as a linear programming problem.

6. A farmer has 1,000 acres of land on which he can grow corn, wheat or soybean. Each acre of corn
cost Rs. 100 for preparation, requires 7 man-days of work and yields a profit of Rs. 30. An acre of
wheat cost Rs. 120 to prepare, requires 10 man-days of work and yields a profit of Rs. 40. An acre
of soybeans cost Rs. 70 to prepare, requires 8 man-days of work and yields a profit of Rs. 20. The
farmer has Rs. 1,00,000 for preparation and 8,000 man-days of work. Set up the linear
programming equation for the problem.

7. Mr. Suresh must work at least 20 hours a week to supplement his income while attending school.
He has the opportunity to work in two retail stores: in store 1, Suresh can work between 5 and 12
hours a week, and in store 2, he is allowed to work between 6 and 10 hours. Both stores pay the
same hourly wage. Suresh thus wants to base his decision about how many hours to work in each
store on a different criterion: work stress factor. Based on interviews with present employees,
Suresh estimates that, on a scale of 1 to 10, the stress factors are 8 and 6 at sores 1 and 2
respectively. Because stress mounts by the hour, he presumes that the total stress at the end of the
week is proportional to the number of hours he works in the store. Formulate the problem as a
standard L.P.P.
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2.3 Graphical Method

In previous section we learned to construct a Mathematical Model for a given problem. We

now study different methods to solve linear programming problems. The solutions are
classified into various categories.

Classification of solutions:

Any non-negative decision variable that satisfies all the constraints of the model is called
feasible solution. The region formed by the set of all feasible solution is a feasible region. A
feasible solution that optimizes the objective function is called optimal solution or optimal
feasible solution. The value of the objective function at an optimal solution is called optimal
value of the given model.

The set of all feasible solutions of a given L.P.P. is always a convex set” or a convex
region. The optimal solution for a L.P.P. always lies in the corner (or vertex) of the convex set.

Convex set not a convex set
Basic steps in Graphical method:

The graphical method is applicable to solve the L.P.P. involving two-decision variables x
and x. We usually take these decision variables as x and y instead of x and X, The graphical
method includes the following steps:

Step 1. The determination of the solution space (feasible region) that defines the feasible
solutions that satisfy all the constraints of the model.

Step 2. The determination of the optimal solution (corner point) from among all the
points in the feasible solution space.

Types of feasible regions:
There are four types of feasible regions normally we get,
Type 1. The region is totally empty: there is no solution to the problem.

Type 2. The region contains exactly one point: the point is the optimal solution and
unique.

Type 3. The region is a bounded convex set consisting of more than one point: Choose
the point lies in the corner of the region. Among all the corner point choose the

* A set S is said to be convex set if all the points lies in a line joining any two points of S belongs to S. On the other
hand the line joining any two points on the region of S entirely lies in the region.
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one that gives optimal value for the objective function. In case, if two optimal
solutions (having the same optimal value) we get, then any point lies in the line
segment joining these two optimal solutions is again a optimal solution. Hence
we get infinite solutions in this case.

Type 4. The region unbounded: optimal solution may be unbounded or to be chosen by
considering all comner points and comparing with the point on the region
(determining the direction of the flow).

Solution of a maximization model:
The general form of the model of L.P.P. is
Objective function
MaxzZ=ax+by

Subject to the constraints

aix+biy.<_ci i=1,2,....m
ajx+bijcj, j=m+l,m+2,...,n
x20andy20.

To solve the problem in graphical method
Step1.  Consider only the first quadrant of xy-plane (corresponds to non-negative
restriction).
Step2. Foreachi, 1<i<n
Draw the straight line
aix+biy=ci e (+)
by choosing two points, one in x-axis (by putting y = 0) and one in y-axis (putting x = 0) which
satisfy (+) whenever c#* 0.If ¢ = 0, then one of the point is (0, 0) (since (+) passes through the
origin) and the second required point can be chosen by taking any (positive) value for x (or y).
The line (), divides the first quadrant into two regions, say Rl and Rz. Choose a point
(x5 0) in the region R. If (%, 0) satisfies the given inequality ax+ bi y ¢, (or2 c whichever
is given), then the region R is the region corresponding to the inequality constraint, shade the
region R . Otherwise if (x , 0) does not satisfy the inequality, then R, is the required region,
shade the region R .
Step3.  Find the intersection (common) of all the shaded regions (shading should be

clearly distinct for each i in step 2). The intersection of the regions is the
feasible region.

Step4.  The vertices (corner points) of the feasible region obtained instep 3 are the
intersection of lines corresponding to the constraints. Each yertex can be
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obtained by solving the corresponding equation of the lines. Find all the corner
points.

Step 5. At each corner point, compute the value of the objective function.

Step 6.  Identify the corner point at which the value of the objective function is
maximum. The co-ordinate of this vertex is the optimal solution and the value
of Z is the optimal value.

Example 1. Kiran is an aspiring freshman at Bangalore University. He realizes that “all
works and no play make Jack a dull boy”. As a result, Kiran wants to apportion his
available time of about 10 hours a day between work and play. He estimate that play is
twice as much: as work. He also wants to study at least as much as he plays. However,
Kiran realizes that if he is going to get all his homework assignment done, he cannot play
more than 4 hours a day. How should Kiran allocate his time to maximize his pleasure
from both work and play?

Solution: Let x and y be the time Kiran should spend to get the pleasure by work and play
respectively.

As the pleasure from play he gets twice as much as that of work, total pleasure is
Z=x+2y

Total availability of the time is 10
x+y<10

As he has to study at least as much as he plays
x2y = x-y20

The maximum time Kiran can play is 4 hours

i.e. y<4

Non-negativity of the decision variables
x20,y20

Thus mathematical model is
Max Zz=x+2y

Subject to the constraints

x+y<10; x-y20 ; 0<y<4,x=20.

To find the region of the constrains x + y < 10 4

x+y=10:
1 R x+y=10
(0.10) 2
x|0 |10 &
yi10]0 >
(6) 6.8 (10,0)



